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a b s t r a c t
In this paper, we first give new generalizations for (s, t)-Pell {pn(s, t)}n∈N and (s, t)-
Pell Lucas {qn(s, t)}n∈N sequences for Pell and Pell–Lucas numbers. Considering these
sequences, we define the matrix sequences which have elements of {pn(s, t)}n∈N and
{qn(s, t)}n∈N. Then we investigate their properties.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Fibonacci, Lucas, Pell, and Pell–Lucas sequences have been discussed in many articles and books (see [1–4]). For n > 1,
the well-known Fibonacci {Fn}, Lucas {Ln}, Pell {pn}, and Pell–Lucas {qn} sequences are defined as Fn = Fn−1 + Fn−2,
Ln = Ln−1 + Ln−2, pn = 2pn−1 + pn−2, and qn = 2qn−1 + qn−2, where F0 = 0, F1 = 1, L0 = 2, L1 = 1, p0 = 0, p1 = 1, and
q0 = 2, q1 = 2. The closed-form expressions for the Fibonacci and Lucas numbers are Fn = αn−βnα−β and Ln = αn+ βn, where
α = 1+
√
5
2 and β = 1−
√
5
2 . Also, for a = 1 +
√
2 and b = 1 −√2, the Pell number and Pell–Lucas number are pn = an−bna−b
and qn = an+bn, where a and b are the roots of the equation x2 = 2x+1. Further details about Pell and Pell–Lucas numbers
can be found in [5].
In [6], Kılıç gave the definition of generalized Pell (p, i)-numbers and then presented their generatingmatrix. He obtained
relationships between the generalized Pell (p, i)-numbers and their sums and permanents of certain matrices. Also, he
derived the generalized Binet formulas, sums, combinatorial representations. In [7,8], the authors defined a new matrix
generalization of the Fibonacci and Lucas numbers, and using essentially amatrix approach they showed properties of these
matrix sequences.
2. The (s, t)-Pell, (s, t)-Pell–Lucas sequences and their matrix sequences
In this section, we give definitions of the (s, t)-Pell and (s, t)-Pell–Lucas sequences and (s, t)-Pell and (s, t)-Pell–Lucas
matrix sequences. We also investigate their properties.
Definition 1. For any real numbers s, t and n > 2, let s2+ t > 0, s > 0 and t ≠ 0. Then the (s, t)-Pell sequence {pn(s, t)}n∈N
and the (s, t)-Pell–Lucas sequence {qn(s, t)}n∈N are defined respectively by
pn(s, t) = 2spn−1(s, t)+ tpn−2(s, t), (1)
qn(s, t) = 2sqn−1(s, t)+ tqn−2(s, t), (2)
with initial conditions p0(s, t) = 0, p1(s, t) = 1 and q0(s, t) = 2, q1(s, t) = 2s.
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Thus one can obtain the characteristic equation of (1) and (2) in the form x2 = 2sx+ t; then the roots of the characteristic
equation of (1) and (2) are x1 = s+
√
s2 + t and x2 = s−
√
s2 + t . Note that x1+x2 = 2s, x1−x2 = 2
√
s2 + t and x1x2 = −t .
For some special values of s and t in (1), it is obvious that the following results hold.
• If s = 12 , t = 1, the classic Fibonacci sequence is obtained.• If s = t = 1, the classic Pell sequence is obtained.
• If s = 12 , t = 2, the classic Jacobsthal sequence is obtained.
• If s = 32 , t = −2, the Mersenne sequence is obtained.
Also, for some special values of s and t in (2), it is obvious that the following results hold.
• If s = 12 , t = 1, the classic Lucas sequence is obtained.• If s = t = 1, the classic Pell–Lucas sequence is obtained.
• If s = 12 , t = 2, the classic Jacobsthal–Lucas sequence is obtained.
• If s = 32 , t = −2, the Fermat sequence is obtained.
Let us consider the following proposition, which will be needed for the results in this section. In fact, by this proposition,
there will be given a relationship between the sequences {pn(s, t)}n∈N and {qn(s, t)}n∈N.
Proposition 2. For n > 0, we have
qn(s, t) = 2spn(s, t)+ 2tpn−1(s, t). (3)
Proof. To prove the existence of this equality, we need to consider the sequence given in (2) with its initial conditions.
If we consider the initial condition q0(s, t) = 2, then the expression can be written as
q0(s, t) = 2 = (2s) 0+ (2t) 1t .
If we apply same idea to the other condition q1(s, t) = 2s, then we have
q1(s, t) = 2s = (2s) 1+ (2t) 0.
In fact, these rewritten conditions contain the initial conditions p−1(s, t), p0(s, t) and p1(s, t) of the (s, t)-Pell sequence.
Therefore, by replacing these conditions by these new q0(s, t) and q1(s, t), we obtain
q0(s, t) = 2 = (2s) p0(s, t)+ (2t) p−1(s, t),
q1(s, t) = 2s = (2s) p1(s, t)+ (2t) p0(s, t).
By keeping the (s, t)-Pell sequence and using same technique, we get
(2s) p2(s, t)+ (2t) p1(s, t),
which gives q2(s, t) in the statement of proposition. So, by iterating process, we obtain the general term in the form
2spn(s, t)+ 2tpn−1(s, t), which implies qn(s, t), as required. 
In the following proposition, using the same approximation as in Proposition 2, we will show that there are also some
other relations between {pn(s, t)}n∈N and {qn(s, t)}n∈N without any proof.
Proposition 3. For n > 0, we have
• q2n+2(s, t)+ tq2n+1(s, t) = 4(s2 + t)p2n+3(s, t),
• q2n+2(s, t)+ tq2n+1(s, t) = q2n+4(s, t)+ tq2n+2(s, t),• q2n(s, t) = pn(s, t)qn+1(s, t)+ tpn−1(s, t)qn(s, t).
Now, considering these sequences, we define the matrix sequences which have elements of (s, t)-Pell and (s, t)-
Pell–Lucas sequences.
Definition 4. Let s, t ∈ R, s > 0, t ≠ 0, s2 + t > 0, and n > 2. The (s, t)-Pell matrix sequence {Pn(s, t)}n∈N and
(s, t)-Pell–Lucas matrix sequence {Qn(s, t)}n∈N are defined respectively by
Pn(s, t) = 2sPn−1(s, t)+ tPn−2(s, t), (4)
Qn(s, t) = 2sQn−1(s, t)+ tQn−2(s, t), (5)
with initial conditions P0(s, t) =

1 0
0 1

,P1(s, t) =

2s 1
t 0

, andQ0(s, t) =

2s 2
2t −2s

,Q1(s, t) =

4s2 + 2t 2s
2st 2t

.
In the rest of this paper, the (s, t)-Pell and (s, t)-Pell–Lucas matrix sequences will be denoted by Pn and Qn instead of
Pn(s, t) andQn(s, t), respectively.
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Theorem 5. For n > 0, we have
(a) Pn =

P1−x2P0
x1−x2

xn1 −

P1−x1P0
x1−x2

xn2,
(b) Qn =

Q1−x2Q0
x1−x2

xn1 −

Q1−x1Q0
x1−x2

xn2.
Proof. (a) The solution of Eq. (4) is
Pn = c1xn1 + c2xn2. (6)
Then, let P0 = c1 + c2,P1 = c1x1 + c2x2. Therefore, we have c1 = P1−x2P0x1−x2 , c2 = −
P1−x1P0
x1−x2 . Using c1 and c2 in Eq. (6), we
obtain
Pn =

P1 − x2P0
x1 − x2

xn1 −

P1 − x1P0
x1 − x2

xn2.
(b) The proof is similar to the proof of (a). 
The following theorem gives us the nth general term of the sequence given in (4) and (5).
Theorem 6. For n ≥ 0, we have
(a) Pn =

pn+1(s, t) pn(s, t)
tpn(s, t) tpn−1(s, t)

,
(b) Qn =

qn+1(s, t) qn(s, t)
tqn(s, t) tqn−1(s, t)

.
Proof. (a) Let use the principle of mathematical induction on n.
Let us consider n = 0 in (1). We have p1(s, t) = 1, p0(s, t) = 0 and p−1(s, t) = 1t . Then we write
P0 =

p1(s, t) p0(s, t)
tp0(s, t) tp−1(s, t)

=

1 0
0 1

.
By iterating this procedure and considering induction steps, let us assume that the equality in (a) holds for all n = k ∈ Z+.
To finish the proof, we have to show that (a) also holds for n = k+ 1 by considering (1) and (4). Therefore we get
Pk+1 = 2sPk + tPk−1
=

2spk+1(s, t)+ tpk(s, t) 2spk(s, t)+ tpk−1(s, t)
2stpk(s, t)+ t2pk−1(s, t) 2stpk−1(s, t)+ t2pk−2(s, t)

=

pk+2(s, t) pk+1(s, t)
tpk+1(s, t) tpk(s, t)

.
Hence we obtain the result.
If a similar argument is applied to (b), the proof is clearly seen. 
Theorem 7. Assume that s2 + t > 0, s > 0 and t ≠ 0. We obtain
(a)
n
k=0
Pk
xk
= 1
x2−2sx−t

xP1 + (x2 − 2sx)P0
− 1
xn(x2−2sx−t) (xPn+1 + tPn),
(b)
n
k=0
Qk
xk
= 1
x2−2sx−t

xQ1 + (x2 − 2sx)Q0
− 1
xn(x2−2sx−t) (xQn+1 + tQn).
Proof. In contrast, here we will just prove (b) since the proof of (a) can be done in a similar way. From Theorem 5, we have
n
k=0
Qk
xk
=

Q1 − x2Q0
x1 − x2
 n
k=0
x1
x
k − Q1 − x1Q0
x1 − x2
 n
k=0
x2
x
k
.
By considering the definition of a geometric sequence, we get
n
k=0
Qk
xk
=

Q1 − x2Q0
x1 − x2

xn+1 − xn+11
xn+1
 x−x1
x
 − Q1 − x1Q0
x1 − x2

xn+1 − xn+12
xn+1
 x−x2
x
 
= 1
xn(x2 − 2sx− t)

Q1 − x2Q0
x1 − x2
 
xn+1 − xn+11

(x− x2)−

Q1 − x1Q0
x1 − x2
 
xn+1 − xn+12

(x− x1)

.
If we rearrange the last equality, then we obtain
n
k=0
Qk
xk
= 1
x2 − 2sx− t

xQ1 + (x2 − 2sx)Q0
− 1
xn(x2 − 2sx− t) (xQn+1 + tQn) . 
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In the following theorem,wegive the sumsof (s, t)-Pell and (s, t)-Pell–Lucasmatrix sequences corresponding to different
indices.
Theorem 8. For j > m, we have
(a)
n
i=0 Pmi+j = Pmn+m+j+(−t)
mPj−m−(−t)mPmn+j−Pj
xm1 +xm2 −(−t)m−1 ,
(b)
n
i=0Qmi+j = Qmn+m+j+(−t)
mQj−m−(−t)mQmn+j−Qj
xm1 +xm2 −(−t)m−1 .
Proof. (a) Let us take A =

P1−x2P0
x1−x2

, B =

P1−x1P0
x1−x2

. Then, we write
n
i=0
Pmi+j =
n
i=0
Axmi+j1 − Bxmi+j2
x1 − x2
= 1
x1 − x2

Axj1
n
i=0
xmi1 − Bxj2
n
i=0
xmi2

= 1
x1 − x2

Axj1

1− xm(n+1)1
1− xm1

− Bxj2

1− xm(n+1)2
1− xm2

.
After some algebra, we obtain
n
i=0
Pmi+j = Pmn+m+j + (−t)
mPj−m − (−t)mPmn+j − Pj
xm1 + xm2 − (−t)m − 1
.
(b) The proof is similar to the proof of (a). 
3. The relationships between matrix sequencesPn andQn
Proposition 9. For m, n ∈ Z+, the (s, t)-Pell and (s, t)-Pell–Lucas matrix sequences are commutative. The following results
hold.
• PmPn = PnPm = Pm+n,• QmQn = QnQm,• Q1Pn = PnQ1 = Qn+1,• QnP1 = P1Qn = Qn+1,• PnQn+1 = Q2n+1.
Proof. The proof can be seen clearly by using Theorem 6 and a matrix multiplication or induction method. 
Theorem 10. For m, n ∈ Z+ the following properties hold.
(a) Qn = 2sPn + 2tPn−1,
(b) Qn = Pn+1 + tPn−1,
(c) QmQn = (4s2 + 4t)Pm+n,
(d) Q1Pn = Pn+2 + tPn,
(e) PnPm = 2sQm+n−2 + t2Pm+n−4, (m+ n ≥ 4).
Proof. First, here, wewill just prove (a) and (d) since (b), (c), and (e) can be dealt with in the samemanner. So, if we consider
the right-hand side of equation (a) and use Theorem 6, we get
2sPn + 2tPn−1 = 2s

pn+1(s, t) pn(s, t)
tpn(s, t) tpn−1(s, t)

+ 2t

pn(s, t) pn−1(s, t)
tpn−1(s, t) tpn−2(s, t)

.
From Eq. (3), 2sPn + 2tPn−1 =

qn+1(s, t) qn(s, t)
tqn(s, t) tqn−1(s, t)

= Qn, as required in (a).
Second, let us consider the left-hand side of equation (d). Using Theorem 6, we write
Q1Pn =

4s2 + 2t 2s
2st 2t

pn+1(s, t) pn(s, t)
tpn(s, t) tpn−1(s, t)

.
From matrix production, we have
Q1Pn =

pn+3(s, t) pn+2(s, t)
tpn+2(s, t) tpn+1(s, t)

+ t

pn+1(s, t) pn(s, t)
tpn(s, t) tpn−1(s, t)

= Pn+2 + tPn.
Hence the result. 
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Theorem 11. For m, n ∈ Z+ the following properties hold.
(a) PmQn+1 = Qn+1Pm = Qm+n+1,
(b) Qmn+1 = Qm1 Pmn.
Proof. (a) Let us consider the left-hand side of equation (a) and Proposition 9. We have
PmQn+1 = PmQ1Pn.
Then, by Theorem 10(a), we get
PmQn+1 = Pm(2sP1 + 2tP0)Pn.
Now, by considering Proposition 9, we write
PmQn+1 = 2sPn+m+1 + 2tPn+m
= 2sP1Pn+m + 2tPn+m
= (2sP1 + 2tP0)Pn+m.
Moreover, from Theorem 10(a), we obtain
PmQn+1 = Q1PnPm = Qn+1Pm.
Also, from Proposition 9, it is seen that PmQn+1 = Qm+n+1 which finishes the proof of (a).
(b) To prove equation (b), let us follow induction steps onm.
Form = 1, the proof is clear by Proposition 9. Now, assume that it is true for all positive integersm, that is,
Qmn+1 = Qm1 Pmn.
Therefore, we have to show that it is true form+ 1. If we multiply thismth step byQn+1 on both sides from the right, then
we have
Qm+1n+1 = Qm1 PmnQn+1.
Also, by considering Proposition 9 and Theorem 11(a), we write
Qm+1n+1 = Qm+11 PnPmn = Qm+11 P(m+1)n
which finishes the induction and gives the proof of (b). 
Corollary 12. For n ≥ 0, by taking m = 2 in the equation given in Theorem 11(b), we obtain
Q2n+1 = Q21P2n = Q1Q2n+1.
Theorem 13. For m, n ≥ 0 and n ≥ r, the following results hold.
(a) Pn−rPn+r = P 2n ,
(b) PmPn+1 = Pm+1Pn,
(c) Qn−rQn+r = Q2n ,
(d) QmQn+1 = Qm+1Qn.
Proof. In the proof, we will consider only the conditions (a) and (d), since the others can be dealt with similarly.
(a) Let us take A = P1 − x2P0, B = P1 − x1P0. Then, using Theorem 5, we write
Pn−rPn+r − P 2n =

Axn−r1 − Bxn−r2
x1 − x2

Axn+r1 − Bxn+r2
x1 − x2

−

Axn1 − Bxn2
x1 − x2
2
.
If we rearrange the last equation, we have Pn−rPn+r − P 2n = ABx
n−r
1 x
n−r
2 (2x
r
1x
r
2−x2r1 −x2r2 )
(x1−x2)2 . Consequently, from A · B = [0]2x2, we
have Pn−rPn+r = P 2n , as required.
(d) From Theorem 10(c), we obtain
QmQn+1 = (4s2 + 4t)Pm+n+1
= Qm+1Qn. 
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